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Vertical ionization potentials, electron affinities and information about quasi-particles can be
obtained by using the technique of the single-particle propagator. The expansion of the self-energy
part up to third order perturbation theory can be evaluated numerically, but does not lead, in most
cases, to satisfying results. A theoretical and numerical analysis of the diagrammatic expansion of the
self-energy part requires the introduction of a renormalized interaction and renormalized hole and
particle lines.
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1. Introduction

Many-body perturbation theories have been applied with success to nuclear
structure [ 1], to high-density electron gas {2] and also to a wide range of other
subjects as phonons, plasmons and superconductivity [3]. In addition, these
theories have been also applied to atoms and molecules. In the case of atoms
correlation energies [4, 51, dipole and quadrupole polarizabilities, shielding
factors, transition probabilities [4], photodetachment cross sections [6], Fermi
contact terms [7], open-shell SCF orbitals [29] and ionization potentials [5, §]
have been calculated. In the case of molecules the correlation problem [9], natural
orbitals [30] and ionization potentials [10-12] have been treated (non semi-
empirical calculations). The application of a many-body perturbation theory to
ionization potentials is more than just an alternative for the usual calculation
of these quantities, since Koopmans’ defect [11], the difference between the
ionization potential obtained by Koopmans’ theorem [13] and the exact one, is
calculated directly without subtracting large numbers of nearly equal magnitude.

In previous discussions in [ 14] and applications to atoms [5, 8] and molecules
[10] the self-energy part has been expanded up to second order. Extensive calcula-
tions, however, have shown that, at least for small molecules, the expansion of the
self-energy part up to second order is far from being able to reproduce the ex-
perimental results [ 11, 12, 15]. Therefore, a more elaborate form of perturbation
theory has to be derived which is done in the following sections. Quantitative
results are discussed for the nitrogen molecule. Further calculations for F,,
C,H,, H,0 and H,CO are given in [15].

* Present Address: Physik-Department, Technische Universitit Miinchen, Deutschland.
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2. General Theory

" In this section the general theory of Green’s one-particle functions and of the
self-energy part is discussed which is essential for the following sections.
In the following text we use the occupation number formalism in which the
operators a; and a;" are the annihilation and the creation operators for a particle
in the state |i) satisfying the anti-commutation relations

[aba;—]-f—.:é'ij’ [ais aj]+=[ai+’a;—]+ =0a (21)
i=(,0).

Let a system of N interacting fermions in the ground state be described by ¥}
In the Heisenberg representation the Green’s one-particle function is defined by

G (t, 1) = — i (VY| T{a(t) af )} 5

. . 2.2
at)=eTae™™,  a=a(0), 22
T = Wick time-ordering operator.
The spectral representation can be written as
Gw(@)= | Gu(tt) et d(t—t) . (23)
_y wilag[wi™ Wi lag lwe) 5 Wi lag 1wl ™D < lalvs>
] w+ A +in 7 o+ L —in
n—0"

where the relations
L=EN"D_ED

— N N+1
A= EQ)— E¥+D

hold® EQ" is the ground state energy of the N-electron system and E{* " and
EN*D the energy of a I-th state of the (N — 1)- and (N + 1)-electron systems,
respectively. Hence, the problem of calculating ionization potentials and electron
affinities is equivalent to the problem of calculating the poles of the one-particle
Green’s functions. Putting the energies corresponding to the molecular geometry
of the initial state for EN "1 and E¥* 1 the vertical ionization potentials (VIPs)
and electron affinities (VEAS), respectively, are obtained. In order to compare
them with the Franck-Condon maxima of the experimental ionization spectrum,
they should be corrected for vibrational effects [ 16].

The Green’s one-particle function can be expanded in the time representation
by means of a perturbation theory which is described in detail in [17-19]. It is
therefore not considered here. It should be noted that, starting out from the
equations of motion for the Green’s n-particle functions, an infinite coupled set of
equations results [20]. The uncoupling of this set of equations yields the same
result as the perturbation expansion of the Green’s functions.

The perturbation series of the Green’s function, however, does not have a form
which allows the evaluation of its poles. On the other hand the Dyson equation in

! In order to simplify, the first ionization potential is denoted by I,.
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the w-representation
G=G"+G°xG,

G—I:_GOAI__Z' (24)

is especially appropriate for this purpose. The poles of G correspond to the zeros
of the eigenvalues of G~ . In Eq. (2.4) the quantity X, is the self-energy part and
G} is the free Green’s function

G (t, 1) = — i@ | T {a (1) a2 (t)} | @)

P —i t>t, ké¢{occ}
ki i t=t, ke{occ)

(2.5)

where @, is the ground state eigenfunction of Hy and {occ} is the set of the orbitals
occupied in this state.

For the above reason X shall be considered in more detail:

Let the Hamiltonian be given by

H - Ho + HW 3
Hy=ZXha'a;, (2.6)
H, :%2 Vijkl ai+ aj+ Ay,
hi =@ @,(1)>,
Vijkl =<o;(1) (0,'(2)] V1, 2)| oi(1) 9,(2)>

are the matrix elements of the one-particle operator h and the two-particle
operator V, respectively, and {¢,} is a complete set of one-particle wave functions.
From the perturbation expansion of G and the Dyson equation we obtain the
expansion of X. The perturbation series of the Green’s function and hence the

expansion of the self-energy part is greatly simplified by the application of a well-
known diagrammatic method. The following definitions hold:

where
2.7

t k
f = 1G3.(1, 1)

t |k

i j
k X = =iV = =iV — Vi) @8)
1

i i
>.‘< = —iViju-
k !

The rules to draw the terms of a certain n-th order of the diagrammatic expansion
of an element of X are:

(x1) The elements of each Graph are n Vi;,-points and (2n— 1) G°lines.
The elements of one kind can be connected only with elements of the other kind.

(«2) Graphs, which split into two graphs by removing a single G°-line do not
belong to X according to the Dyson equation.

(x3) All topologically not equivalent linked graphs with two free indices
have to be drawn according to the rules (a1) and (x2).
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a b c

Fig. 1. The graphs of the first (a) and second (b, ¢) order of the expansion of ¥

In Fig. 1 the first and second order of the expansion are reported as an example.

The graphs which are obtained via (x1)«3) by replacing the V;;-points by
the wiggle are called Feynman graphs. Any of the graphs treated here contains
several Feynman graphs, e.g.

b orem -

Except for the rules (86) and (87), all the following rules for evaluation of diagrams
are also valid for Feynman diagrams.

(B1) Join the free indices k, k' of an n-th order diagram of the expansion of
2 (t, ) with a %~ ").line, which shall be denoted by

(62) Draw the (n— 1) horizontal lines ———-— between successive pairs of
V-points according to:
x
X
x

Any part of the diagram between two successive V-points is called a block.
(B3) Each G°-line and e~ " ~“.line cut by a horizontal line supplies an
additive contribution to the denominator of the block, namely:

|

|

; yields the dominator

| * t t +w—h—hj+h+--, ij¢{occ},le{occ}.

(B4) Multiply the interactions ¥, the contributions of the blocks and a
factor (—1)®**=; then sum over the internal indices (Z; is the number of hole
lines, 2, is the number of loops).

(B5) Each of the n! time ordered diagrams has to be evaluated separately.

(B6) Each graphs has to be multiplied by 27¢ where g is the number of per-
mutations of two G°-lines in the diagram leaving the diagram unchanged (identity
transformation).
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(B7) The sign of the V;;,,-points is not uniquely determined. The proper sign
of the graph follows from a comparison with the sign of a Feynman graph which
is contained in it.

As an example the terms for the graph of the second order of the expansion of
2w (w) are obtained with the help of these rules.

q Vet Vies
graph®)=3 ¥ 219

62,03
o, ={se{occ}; f,1¢ {occ}}, o5 ={s ¢ {occ}; f, € {occ}}.
In the above perturbation theory the Hamiltonian of Eq. (2.6) has been used.
Analogous results can also be obtained by choosing the perturbation H, in a
different way. In this work we choose now the Hartree-Fock operator

Hyp=2¢a; a;, @2.11)
Hw=%2Vijklai+ a}L alak—z( Z Vil[jl]) a;r a; .

le{oce)

as the unperturbed operator H, and the canonical HF-orbitals as the one-particle
wave functions ¢,. The ¢; are here the HF-energies. Very important reasons for this
choice are the availability of HF calculations and that the HF-energies of occupied
orbitals of closed-shell systems provide relatively good approximations for the
VIPs. The absence of bound excited (unoccupied) HF states, as might be the case
for neutral atoms, leads to a slow convergence of the perturbation expansion [21].
The convergence of the expansion for correlation energies of atoms was greatly
improved by using the V(N — 1) potential of Kelly [4]. For closed-shell molecules,
however, with many bound excited HF states we have no reason to assume a
better convergence of the expansion of the self-energy part especially in calculating
VIPs.

A consequent use of the V(N — 1) potential leads to a great expense for systems
with many electrons since these excited states should be calculated in the potential
field of N —1 other electrons [22] and therefore this potential is different for
different excited states.

If the HF operator is taken to be H, then on account of the first term of H,,
graphs containing G{(t, t + 0)-lines need no more be considered [18]. This means
that only h; has to be replaced by ¢, in the expressions for the graphs and that, in
addition, the number of graphs shrinks considerably. Graph (b) is the only remain-
ing graph in Fig. 1, hence Koopmans’ theorem is obtained in the first order of the
expansion. As already mentioned in the introduction the expansion of the self-
energy part up to the second order is in many cases far from being able to reproduce
the experimental results. Therefore we have to use a more elaborate form of
perturbation treatment. A general way to do so is to renormalize quantities as the
interaction, vertex and particle- and hole-lines. An example for a renormalized
interaction is given by the random phase approximation (see Section 4.1). By the
renormalization of hole- and particle-lines a transformation of G°-lines into
G-lines is understood. A graph, which is to be “dressed”, is often referred to as
“skeleton”. By self-consistent perturbation theory we mean the self-consistent
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solution of the equations
(2.12)

R

t Hk =iGy(t,t) (2.13)

Lk

where the symbol

is used. :
In all renormalizations attention must be paid to overcounting.

In the next section the pole strengths of the Green’s functions are discussed
and in Section 4 a self-energy part which is appropriate for calculating VIPs is
derived. We use the nitrogen molecule as an example throughout this manuscript.
Additional numerical calculations are given in [12, 15, 23].

3. Restriction to Low Energy; Main and Secondary Poles

In the following text some properties of the self-energy part which are essential
for this work are mentioned. It should be noted that the self-energy part 2 also
has poles. The following notation will be used: the poles of graph (b) in Eq. (2.10)
with the index set ¢, are denoted by 2, |, 2, ,, ... in the order of increasing energy
and the poles with the index set o5 are denoted by ~_,, X _,, ... in the order of
decreasing energy. The energy intervals (2, X,, ), [# — 1, will be denoted by the
index I for I=1, by I+1 for I< —2 and the interval (¥_,,%,,) by I=0. These
definitions are illustrated in Fig. 2, where a schematic plot of X;(w) is given.

In the picture of the Hartree-Fock quasiparticles the poles X~_, for k=1
correspond to processes in which one particle is separated and simultaneously
another one is excited to an unoccupied orbital. In a similar manner the poles 2,
for k=1 are connected with processes in which one particle is added and another
one excited. It can be shown that exactly one pole of the eigenvalue D;(w) of the
Green’s function G is situated between any two successive poles of the self-energy

() [

0
o

=1 1=2f =3

Y

2, 2y 2 2 2oy

-

Fig. 2. A schematic plot of X; for the definition of its poles
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part [ 12, 24]. This statement is easily verified for the second order of the perturba-
tion expansion with the help of Eq. (2.10) [12]. An essential consequence of this
statement is, that the zeros of the eigenvalue D! of G~ !(w) which do not satisfy
the conditions

€2 _1,241), log—244>0 3.1)

have to be treated in a different way than the zeros which do satisfy these condi-
tions. The present work deals only with such solutions k of the Dyson equation
which satisfy the above conditions. The remaining VIPs and VEAs are treated
elsewhere [12,24]. A common theory for all VIPs and VEAs is developed in [24]
but it leads to a great numerical expense.

A perturbation expansion of the Green’s one-particle function gives informa-
tion not only about the energy values of the VIPs and VEAs but also about the
utility of the one-particle picture for ionization and particle addition processes.
The desired information is provided by the pole strengths of the Green’s function,
which are considered in the following. First of all, some definitions: P, is the pole
strength of the k-th eigenvalue D,(w) of the Green’s function matrix G to the pole
in the interval [ and a;;, is the pole strength of G;;(w) to the same pole (k; [).

Pu= wlifar}kl D) - (0 —wy),
. (3.2)
Aijrg = wlifar}kl G j(w) (0 —wy),

@y, is the energy-coordinate of the pole and S,; = S;.(®,) is an element of the
eigenvector matrix S(w) to the same pole.

D '=8*G"'S. (3.3)
By means of the Dyson equation one obtains directly for the pole strength

_ 0
Pkll=1__a5a_)(z+8)k (3‘4)

(23]

where 4, means (S* AS),, generally.
In order to interpret the pole strengths one has to start out from their definition.
By use of Eq. (2.3) one gets

Qiixr =Pkllsikl|2 = |<‘Pth_ 1|ai |1PI(¥>|2 >
ke{occ},[=0, —1, -2,...,
k¢ {occl,I=—1,—-2, ...,

12a;,20.

(3.5)

1

a1y and |yl ') are true states of the (N + 1)-particle system and (N — 1)-
particle system, respectively.

Hence, a;;, is the probability to find the state a;|y» in the state |y}, >, that
means the projection of a true state on a fictive one. The result of “removing” a
HF-particle from the true ground state is described by a;|p) >, the true state after
ionization is described by |y~ '>. In case a;;, is not much less than 1, the “remov-
ing” is nearly identical with the ionization.
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Analogous conclusions are obtained for the pole strengths a;;,, where
ke{occ},1=1,2,3, ...,
k¢ {occ},[=0,1,....

One has only to replace g; by df, v~ by vy ™' and “removing” by “addition”.

For the example of N, we calculated the following pole strengths:

PZUM,O = 0.87 )
P3,,0=091,
Plnu’o = 0.94.

‘In order to compare those pole strengths of D with those of G we must know the
values of S,

All numerical results indicate that the eigenvectors of G associated with
eigenvalues w,, which have pole strengths, P, not much less than 1, may be
approximated very well by unit vectors. This is mainly due to the fact that the
inequality

’(8i+2ii)_(8j+zjj)[>|Zijl ,  I#E] (3.6)

is satisfied for all our examples.

The eigenvectors of G were calculated for the example of N, with the self-
energy part in second order and are compiled in Table 1.

If the ionization is well described by the “removing” of a quasi-particle in the
state k, then the corresponding Green’s function in the range of the solution must
show a similar form as the free function G, (w): The self-energy part can be decom-
posed into imaginary and real part for real values of  according to

T=3Ry 3l (3.7)

Table 1. Eigenvectors of G™1 at = wy, calculated with the self-energy part in second order for N,.
The basis-set used is described in [11]

k

Species 20, 20, i, 30, in, 30, 4o, 2=,
26, 0.9932 0 0 0.0346 0 0 0.0011 0

20, 0 0.9995 0 0 0 —0.0031 0 0

iz, 0 0 1.0000 0 0 0 0 0.0329
30, —0.1146 0 0 0.9990 0 0 0.0069 0

im, 0 0 0 0 i 0 0 0

30, 0 —0.0121 0 0 0 0.9999 0 0

4o, -0.0025 0 0 0.0050 0 0 0.9980 0

2x, 0 0 0.0038 0 0 0 0 0.9995
50, 0.0224 0 0 0.0265 0 0 0.0631 0

40, 0 0.0294 0 0 0 —0.0146 0 0
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Starting out from the Dyson equation and expanding (e+ XX), about
wy=(&+ X®),,, to the linear term and expanding 2} about wy, to the constant
term one obtains

Pkl
—— + W w
w_wkl'f'”kll fkl( ~ kl)

_ —1, —w, = VIP
Ta' =Py Zx(on)- {+1 ——a)kl—VEA
H Kkl —

Do~ wy) =
(3.8)

where f,;(w) is a correction function for the higher orders of the expansion about
wy,. This expansion leads to the above result only if § is independent of X for
n—0*. But this is true, because S has no poles in the open interval between two
successive poles of X. Hence, if f,(w~w,) is unessential and P,~1, then
Di(w=~w,) has the form of a quasi-particle propagator. The corresponding
quasiparticle has a finite life time 7,

Equation (3.5) and the important relation

Z Aij = 05 (3.9)
K1

which is proved by removing the unit operators between the Heisenberg operators
a, and a;, in Eq. (2.3), imply, that, if D, takes the form of a quasi-particle propa-
gator, there is only one dominant pole strength, P,, for each eigenvalue D, of G.
This pole shall be referred to as main pole, the rerhaining poles shall be called
secondary poles. The properties of the secondary poles are treated extensively
elsewhere [12, 24].

4. Inclusion of Higher Orders

The expression for the graph of the second order of the expansion of the self-
energy part has already been given as an example in Section 2. All numerical
calculations for Ne, N,, F,, H,0, C,H, and CO, [11, 12, 15, 25] show uniquely
that the expansion of the self-energy part to the second order does not at all
suffice to evaluate the VIPs via the Dyson equation. As an example the VIPs of N,
calculated with the self-energy part of second order are compiled in Table 2.

For the above one cannot expect that taking in account the third order will be
sufficient. An evaluation of additional orders turns out to be completely useless,
as the number and the magnitude of the expressions go up explosively with the

Table 2. Results for the three lowest ionizations of N,. R2 = VIP calculated with self-energy part in
second order. RF = VIP calculated with the present theory. All energies in eV

Species Exp. R2 RF
VIP [28]

2a, 18.78 17.00 18.59

iz, 16.98 16.96 16.83

30, 15.60 14.44 15.50
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Fig. 3. The graphs of third order of the expansion of ¥
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Fig. 4. The graphs of fourth order of the expansion of ¥

1

order of the expansion. The graph of the second order contains already 4 terms
with 3 indices each. The graphs of the third order reported in Fig.3 contain
84 terms with 5 indices each. One notes, however, that these graphs can still be
calculated numerically. The necessary numerical methods are described elsewhere
[12,15]. The graphs of the fourth order, reported in Fig. 4, contain already 3120
expressions with 7 indices each. Therefore it is not possible to evaluate the total
fourth order numerically.
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One has to find out which graphs yield the important contributions, and then
to calculate or, at least, to estimate these to infinite order.

As a first step towards the solution of this problem it is reasonable to investigate
the essential results of the solid-state physics and nuclear physics with respect to
their application in atomic and molecular physics.

4.1. A Short Comparison with Electron Gas and Nuclear Matter

It is common in the treatment of metals to introduce a scaling parameter r;
describing the volume per electron in an electron gas. It can be shown that, in
the high-density case (r,—0), the sum of the ring diagrams (“RPA”)

> om L ] O+ E?:Z) @

describes the self-energy part sufficiently well [26, 19]. With r, denoting the Bohr
radius the volume per electron in the electron gas is

9,= 6o “2)

Let R, be the radius of the n-th Bohr orbit and N, the number of clectrons
considered, then from

R,~n*-r,-Z (4.3)

it follows that:
Fo, R W Z AN, (4.4)

In regard of the inner electrons with Z, > 1 the relation r <1 follows from
Eq. (4.4). Thus, it is reasonable to evaluate the correlation energy for such atoms
by means of a model of a high-density non-uniform electron gas. Considering
only the outer-shell electrons on the other side, one obtains, e.g. for phosphorus
re= 1.3. Therefore, the approximation of the self-energy part by ring diagrams
does not work well in evaluating VIPs of atoms and especially not of molecules.
It should be mentioned here that Brueckner [27] already tried to evaluate cor-
relation energies of atoms with the help of a model of a high-density non-uniform
electron gas. He obtained the important result that it has no sense to consider the
atom as an uniform high-density electron gas and that the density gradient does
not converge in the case of inhomogenity.

For the treatment of nuclear matter, however, circumstances are different.
As before, it is also here common to introduce a parameter similar to r, With a
standing for the effective range of the interaction and r, standing for the average
distance between the interacting particles one speaks of low-density, if ro/a> 1.
Galitzki [26] showed that each hole line in a graph of the self-energy part is
associated with a factor a/r,. The sum of the graphs containing only one hole line



250 L. S. Cederbaum

which are called ladder graphs, dominates in the low density case.

Zz +

4.5)

Theoretical as well as numerical comparisons of

show, however, that, for atoms and molecules, the contribution of the first
mentioned graphs are comparable with those of the second mentioned graphs and
as a rule, even exceed them [12].

All these considerations lead to the result that atoms and molecules are located
in the region between intermediate density and high-density, which means in a
region, where it cannot be expected that just a few graphs dominate. This renders a
reasonable evaluation of the self-energy part much more difficult.

and

4.2. Antigraphs and Renormalized Interaction

All graphs of third order and a number of graphs of fourth order have been
evaluated for the systems Ne, N, F,, H,0, CO,, C,H, and H,CO. The contribu-
tions of some of these graphs were of the same order of magnitude as the contribu-
tions of the graphs of second order. If we assume the convergence of the perturba-
tion expansion, some of the graphs must compensate each other at least partly.
This is confirmed by numerical results. The assumption that the contributions of
the single graphs go down with increasing order of the expansion cannot be
maintained. Hence, it is useless to consider as many graphs of a certain order of the
expansion as possible without closer examination. It should be examined whether
there exists a small “parameter” which gives us an idea how to select the important
terms in the expansion of X. In order to do so first of all some of the specific
features of graphs of third order are considered in more detail. Each graph is split
into its 6 time orders where the nomenclature given in Fig. 5 will be used.
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@ﬂwﬂ’%

C1 C2 C3 C4 C5 Ct
D1 D2 D3 D4 D5 D6

Fig. 5. The notation of the time ordered graphs of third order

In the following only diagonal elements of the self-energy part of third and
higher orders are considered (see Section 3). It is easily shown, that, for i =j the
relations

A3= A4 A5= A6, @8
X2=X3,X4=X5X=C,D '

hold. There remain 12 different time ordered graphs.

It is rather difficult to determine additional exact relations, if it is possible
at all. Expressing the terms of the graphs C1 — C6 and A1 — A6 in an appropriate
way facilitates relations as, e.g.

[C1]<]C6] =g, ke{occ}
Al1,C6<0
A2,C1>0

4.9
forall k.

As one can see from the explicit expressions, it is difficult to build up relations for
D1 — D6 and between D and C graphs, as the D-graphs contain 8 expressions each,
which cannot be collected as easily as for the C-graphs. Only simple relations like

D1<0,D6>0 wre, (4.10)

may be established [12].
In order to determine additional relations among the graphs we make the
approximation that the most important contributions to X arise from one occupied
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Table 3. The contributions of the graphs of third order for N, [eV]*

Orb. Al A2 243 245 C1 D1 2.2 2.D2 2C4 2D4 C6 D6

2, 178 173 041 -039 040 -043 029 -025 -010 —179 -235 210
3¢, —1.70 177 042 -044 0145 -046 035 —-025 —-042 —123 —156 1.34
in, —1.80 1.77 044 -041 032 —-030 077 —-064 —-008 —011 -0.61 065
in, —176 139 038 -039% 027 —046 003 046 —-0.63 066 —040 032
30, —116 110 041 —-041 021 -0149 003 033 —-003 004 —-003 0.03
40, —135 127 047 047 029 -027 002 036 —003 004 —0.02 002

2r, —152 140 022 -023 054 -068 048 007 -005 007 —004 004
56, —170 152 031 -029 104 —120 009 066 —-0.42 041 —008 007

5 =-3790eV, 5, =2486eV.

* Each graph has been evaluated at & = main pole.

orbital and one unoccupied orbital of suitable symmetry. With this approximation
we deduce relations which are confirmed by a large number of numerical results.
As well ab initio calculations for the above mentioned systems as semi-empirical
HF-calculations for a larger number of molecules [25, 23] were available. The
graphs of third order have been calculated in all these cases. As an example, the
data of these graphs for the nitrogen molecule are compiled in Table 3. The
numerical and theoretical results indicate that the following relations are valid:

0z2A1~—-A42,0=Ci~ —-D1
0=C6~ —D6, A3~ — A5,
C2~ —-D2 ke{occ}
Ci~ —-D4 k¢ {occ}

(4.11)

for
OOy, JO—Z44>0.

Hence, there exist pairs of graphs distinguishing themselves by nearly compensat-
ing each other. Such graphs shall be referred to as antigraphs. Although they do not
completely compensate each other, both together have to be considered as one
quantity in the perturbation theory. In third order there exist 5 different pairs of
antigraphs.
With x4 and g{” standing for a pair of antigraphs and an arbitrary graph of
n-th order which is no antigraph, respectively, the self-energy part can be written:
Zilw)= Z D3+ kz L9 (4.12)
Jnat n
Both time ordered diagrams of the self-energy part of second order may be
considered as antigraphs, too, since

> 0 s < (4.13)

W= Wy

hold.
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This pair of antigraphs of second order, ¥, is essential for most orbitals and
|[X(2)]u| > I[Xs3)]iil H §= 17 27 37 4= 5 (414)

is valid for these orbitals, which indicates that the first sum converges quickly
and can be estimated quite well by summing up to third order. Therefore, if the
graphs of third order are calculated explicitly, then only graphs {g{”}, for n>4,
have to be considered. We try to take account of the essential contributions of
these graphs by introducing a time dependent effective interaction and re-
normalized hole- and particle-lines. The renormalized interaction shall be

symbolized by
j:(: —iVlt, 1) (4.15)

This renormalized interaction contains all graphs beginning with two free indices
at the time ¢’ and ending with two free indices at the time ¢:

Q T Q T 0 @1e)

In this equation the factor of rule (86) in Section 2 is explicitly put in front of the
graph.
It is evident, that the renormalized interaction satisfies the recurrence formula

J:[(n): % 1 % <O ‘1 O“L---)]:((n—”
J:((O)= w

Numerical results prove that the calculation of V4 by use of Eq. (4.17) converges
slowly. It is useless, for this reason, just to evaluate a few orders and it is, therefore,
necessary to estimate the rest.

Substituting the interaction by the renormalized one and paying attention to

repetitions of graphs one gets in second order
@ (4.18)

@.17)

L\I—-

1 — 1 =1 =1
2 2 T2

All w-dependent graphs of third order as well as the graphs (1) and (2) in Fig. 4
are contained in the renormalized graph of second order.
Analogously

() — o) - o)+ (@ & e
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By use of the antigraph hypothesis one obtains

for the renormalized graph. It means, that graphs which arise from the graphs of
third order which are not antigraphs are considered.

For i¢{occ} an analogous expression results [12]. It must be observed,
however, that the error of the estimation arises in the fourth order, because all
w-dependent graphs of third order are considered explicitly in Eq. (4.20).

All drawn graphs on the right hand side of Eq. (4.20) are of the type g}{f These
graphs have been numerically evaluated for all above examples and provide
extremely large contributions [12, 15].

In the following we want to try to evaluate the renormalized graph of second
order.

First, we have to make use of the fact that the following series are equal:

— .1 [~
+ + + + .
i ii

[IRGE
B B 3} (4.21)
L i L i i
analogously
- " (4.21a)
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In crude approximation these series may be estimated by geometric series. The
quotient of the first two terms of the series in Eq. (4.21) and the series in Eq. (4.21a)
shall be referred to as ¢! and ¢, respectively.

—._] -
= . @ + @ (4.22)

__1 B
qi! = . @ + @ (4.22a)

In order to estimate the renormalized graph in Eq. (4.20) the graphs

)G -

are left, which give only small contributions to the examples considered. But this
must be checked for each new example.
For the example of N, the quotients g and ¢® are:

a9, = —089, ¢l =—099, ¢% =—087,
g9, =—030, ¢¥l =-050, ¢¥ =—033.

This means that, as C4 yields only a small contribution, the contribution of the
effective interaction is approximately given by the terms of second order and the
half of 2- D4,

The graph of second order is the first graph of the expansion, which depends
on w. The constant graph C in Fig. 3 is the first graph which does not depend on w.
Renormalizing this graph according to Eq. (4.19) one obtains in fourth order the
w-dependent graphs

(4.24)

These graphs have a special meaning which is explained in the next section.

The graphs in Eq. (4.19) which do not depend on w, are not of importance
unless the corresponding antigraph relations in Eq. (4.11) are not satisfied suf-
ficiently (Appendix A).

4.3. Self-Consistent Perturbation Theory

In Section 4.2 a renormalization of the interaction has been described. Numeri-
cal calculations show that the obtained results for VIPs are largely improved by
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considering the renormalization. For further improvement we also consider the
renormalization of hole- and particle-lines. The renormalization of the “skeleton”
XD is reduced to the HF-problem by use of Eq. (2.11) with

), = @ - X0 (429)

If we choose but the self-energy part of second order for a skeleton for the self-
consistent perturbation theory, the calculation contains the graphs:

2 =0 X0+

ot

This becomes evident, if the single iteration steps are carried out by use of Eq. (4.26)
and the diagrammatic Dyson equation (2.12).

By noting G;;(t, ') according to Eqs. (2.2) and (2.3), the renormalized graphs
in the w-space may be given straightforwardly by the use of the rules of Section 2
[12]. The expressions for the graphs are more simplified and better illustrated by
starting out from a different consideration described in the following.

The characteristic equation

0
G Ho>=0; lop>=|1, 4.27)
0
is renormalized:
G! o> =0; 1@ =CuZSiley. (4.28)

C,; being an arbitrary constant for the moment. The new “one-particle” functions
{py} are not orthogonal. Choosing

|Ckz|2 = Pkl (4-29)

and considering Egs. (3.9) and (3.5), one obtains the completeness relation
z [Py <pul=1. (4.30)
k,l

Hence, {¢,} is a set of functions well adapted for the description of the
renormalizing process G°— G. Starting out from the skeleton we can describe
the renormalization by very simple rules:
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Only internal indices are transformed and following transformation properties
hold:
ke{occ}, (=0, —1, -2,...

ke{occ}ﬂ(k,l)z{keﬁ{occ} I=—1,-2,...

ke{occ}, [=1,2,3,..

k ¢ {occ} —(k, )= {ké{occ} [=0,1,...

& k € {occ), & — I,
&, k ¢ {occ}, > — Ay

Vair = <D0V (L.l o) 02> > L Do DNV (1. Dl 9l )0 1 (2D

1/2
= (PuPu ParPrr ) P Z 8108 jur S e Sqpr Vigug = Verrs
W

(4.31)

The self-energy part given in Eq. (4.26) can be directly expressed:

Z (I/Ik]k 1kk_1)

1l

i fk) ij/kf

1y L ) (4.32)

( ij'kf l_]fk) jkf ( ikl T
L L
@ — Ay + Iy + Ly

1 Ly
+ +
O.ZI CU—Ijrl+Aflr +Akl” z

G2

The sets of indices o, 04, 0, are to be taken from Eq. (4.31). As the self-consistent
calculation of Eq. (4.32) is numerically too lengthy, it cannot be carried out
without additional simplifications. By use of a finite number of unoccupied
orbitals the sets of indices go up with the number of iteration steps. If the one-pole
approximation is well satisfied (Section 3), we may write

Pa Y Py PP (Vijir — Vig o) Vigus 433)
k, fefocc} - Aj'+Ik+If
7 ¢loce)

. Py B Pr(Vijry — Vi pid Vipar
k. f #{occ) o—I+ A+ Af

J efoce}

P, being the pole strength of a main pole. The introduction of the one-pole ap-
proximation for the graph of first order yields the simple relation

)@ )O Vie [ji] (Pe-1) (434)

ke {occ}

The numerical evaluation of this relation leads to small differences between big
numbers. In order to get rid of this inaccurateness all constant graphs of third
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order are to be calculated explicitly. Nevertheless, an interesting conclusion can be
deduced from Eq. (4.34): the contribution of these graphs in the one-pole ap-
proximation is negativ for i=j.

For the example of nitrogen the self-consistent calculation with the self-energy
part given in Eq. (4.33) only slightly improves the results. The final results of the
present perturbation theory for the VIPs of N, are reported in Table 2.

7. Summary

The method of the Green’s functions provides a new approach to the calcula-
tion of ionization potentials and electron affinities. Moreover, it makes it possible
to investigate one-particle properties of the system. An integral equation relating
the Green'’s functions with the self-energy part gives us freedom to collect certain
graphs to infinite order with the help of the perturbation expansion of the self-
energy part to finite order. The problem to evaluate the Green’s functions has
hence been reduced to an investigation of the graphs of the self-energy part.

Expanding the self-energy part to the first order of perturbation theory yields
Koopmans’ theorem. Already in the second order of the perturbation expansion
additional poles of the Green’s functions are obtained, which cannot be explained
by Koopmans’ theorem. These ionization potentials correspond to ion states the
expansion of which in terms of electron configurations contains mainly such
configurations which differ by more than one orbital from the configuration
describing the ground state of the initial molecule in the one-particle picture.
VIPs of this type and VIPs in their energy region are not considered here, but
have been investigated and calculated elsewhere [12]. Here, only these poles of
the Green’s functions are investigated which are situated far from the poles of the
self-energy part.

In order to find these poles, first of all the second order of the self-energy part
has been taken into account [10—12]. The numerical results, however, prove that
the second order is far from being able to reproduce the experimental results. By
going over to the third order the results were improved, but then it was evident that
it is useless to evaluate only a finite number of orders.

Theoretical considerations and numerical calculations revealed that it is
necessary to introduce an effective interaction as well as renormalized particle- and
hole-lines in order to estimate the contributions of the graphs of higher orders.

Applications: As mentioned above, the theory has been applied to closed-shell
molecules successfully [11, 12, 15]. For open-shell systems the theory may be
applied as well, but the question, if the approximations, used here, are reasonable,
has still to be investigated. ;

One of the main advantages of this perturbation treatment, compared with the
calculation of the total energies of the corresponding states, is that only a small
correction term has to be calculated and therefore less accurate wavefunctions are
sufficient to obtain satisfactory results. It is already shown that in most cases
reasonable values for Koopmans’ defect can be calculated even with semiempirical
CNDO-wavefunctions [23, 25].
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Appendix A

For some examples the antigraph relation 43~ — A5 is not as well satisfied

as the other relations in Eq. (4.11). In case the contribution of A3 + A5 is consider-
able, w-independent graphs have to be taken into account for the calculation of

- (A1)

The estimation of these graphs may be performed analogously to the evaluation
of the renormalized graph of second order.
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